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Abstract

A framework for solving variational problems and partial differential equations that define maps onto a given ge-
neric manifold is introduced in this paper. We discuss the framework for arbitrary target manifolds, while the domain
manifold problem was addressed in [J. Comput. Phys. 174(2) (2001) 759]. The key idea is to implicitly represent the
target manifold as the level-set of a higher dimensional function, and then implement the equations in the Cartesian
coordinate system where this embedding function is defined. In the case of variational problems, we restrict the search
of the minimizing map to the class of maps whose target is the level-set of interest. In the case of partial differential
equations, we re-write all the equation’s geometric characteristics with respect to the embedding function. We then
obtain a set of equations that, while defined on the whole Euclidean space, are intrinsic to the implicitly defined target
manifold and map into it. This permits the use of classical numerical techniques in Cartesian grids, regardless of the
geometry of the target manifold. The extension to open surfaces and submanifolds is addressed in this paper as well. In
the latter case, the submanifold is defined as the intersection of two higher dimensional hypersurfaces, and all the
computations are restricted to this intersection. Examples of the applications of the framework here described include
harmonic maps in liquid crystals, where the target manifold is a hypersphere; probability maps, where the target
manifold is a hyperplane; chroma enhancement; texture mapping; and general geometric mapping between high di-
mensional manifolds.
© 2003 Elsevier Inc. All rights reserved.

1. Introduction

In a number of applications in mathematical physics, image processing, computer graphics, and medical
imaging, we have to solve variational problems and partial differential equations defined on a general
manifold .# (domain manifold), which map the data onto another general manifold .4 (target manifold).
That is, we deal with maps from .# to ./". When these manifolds are for example three-dimensional
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surfaces, the implementation of the corresponding gradient descent flow or the given PDEs is considerably
elaborate. In [5] we have shown how to address this problem for general domain manifolds, while re-
stricting the target manifolds 4" to the trivial cases of the Euclidean space or hyperspheres (this framework
has been followed for example in [2]). The key idea was to implicitly represent the domain surface as the
(zero) level-set of a higher dimensional function ¢, and then solve the PDE in the Cartesian coordinate
system which contains the domain of this new embedding function. The technique was justified and
demonstrated in [5]. It is the goal of this paper, [33], to show how to work with general target manifolds,
and not just hyperplanes or hyperspheres as previously reported in the literature. Inspired by [5], we also
embed the target manifold .4 as the (zero) level-set of a higher dimensional function . That is, when
solving the gradient descent flow (or in general, the PDE), we guarantee that the map receives its values on
the zero level-set of y. The map is defined on the whole space, although it never receives values outside of
this level-set. Examples of applications of this framework include harmonic maps in liquid crystals (A" is a
hypersphere) and three-dimensional surface warping [46]. In this last case, the basic idea is to find a smooth
map between two given surfaces. Due to the lack of the new frameworks introduced here and in [5], this
problem is generally addressed in the literature after an intermediate mapping of the surfaces onto the plane
is performed (see also [27,49]). With these novel frameworks, direct three-dimensional maps can be com-
puted without any intermediate mapping, thereby eliminating their corresponding geometric distortions
[34]. For this application, as in [46], boundary conditions are needed, and how to add them to the
frameworks introduced here and in [5] is addressed in [34].

To introduce the ideas, in this paper we concentrate on flat domain manifolds. ' When combining this
framework with the results in [5], we can of course work with general domains and then completely avoid
other popular surface representations, like triangulated surfaces. We are then able to work with intrinsic
equations, in Euclidean space and with classical numerics on Cartesian grids, regardless of the geometry of
the involved domain and target manifolds. In addition to presenting the general theory, we also address the
problem of target submanifolds and open hypersurfaces. A number of theoretical results complement the
algorithmic framework here described.

For illustration purposes only, the proposed framework is presented for classical equations from the
theory of harmonic maps. The technique can easily be extended to general equations, as it will be clear from
the developments below.

1.1. Why implicit representations?

Let us conclude this introduction describing the main reasons and advantages of working with implicit
representation when dealing with PDEs and variational problems.

The implicit representation of surfaces, here introduced for solving variational problems and PDEs, is
inspired in part by the level-set work of Osher and Sethian [36]. This work, and those that followed it,
showed the importance of representing deforming surfaces as level-sets of functions with higher dimen-
sional domains, obtaining more robust and accurate numerical algorithms (and topological freedom). Note
that, in contrast with the level-set approach of Osher and Sethian, our target manifold is fixed, what is
“deforming” is the dataset being mapped onto it.

Solving PDEs and variational problems with polynomial meshes involves the non-trivial discretization
of the equations in general polygonal grids, as well as the difficult numerical computation of other
quantities like projections onto the discretized surface (when computing gradients and Laplacians for ex-
ample). Although the use of triangulated surfaces is quite popular, there is still no consensus on how to

! For completeness, we will present the general equations for both generic domain and target manifolds at the end of the paper. These
equations are easily derived from [5] and the work presented in this paper.
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compute simple differential characteristics such as tangents, normals, principal directions, and curvatures.
On the other hand, it is commonly accepted that computing these objects for iso-surfaces (implicit repre-
sentations) is simpler and more accurate and robust. This problem becomes even more significant when we
not only have to compute these first and second order differential characteristics of the surface, but also
have to use them to solve variational problems and PDEs for data defined on the surface. Very little work
has been done on the formal analysis of finite difference schemes on non-Cartesian meshes. > Note also that
working with polygonal representations is dimensionality dependent, and solving these equations for high
dimensional (>2) surfaces becomes even more challenging and significantly less studied. The work here
developed is valid for all dimensions of interest (we develop the computational and theoretical framework
independently of the manifold dimension). Note that the computational cost of working with implicit
representations is not higher than with meshes, since all the work is performed in a narrow band around the
level-set(s) of interest.

Our framework of implicit representations enables us to perform all the computations on the Cartesian
grid corresponding to the embedding function. These computations are, nevertheless, intrinsic to the sur-
face. Advantages of using Cartesian grid instead of a triangulated mesh include the availability of well
studied numerical techniques with accurate error measures and the topological flexibility of the surface, all
leading to simple, accurate, robust and elegant implementations. The approach is general (applicable to
PDEs and variational problems beyond those derived in this paper) and dimensionality independent as
well. We should note of course that the computational framework here developed is only valid for man-
ifolds which can be represented in implicit form or as intersection of implicit forms. As mentioned above,
problems such as three-dimensional shape warping via PDEs could not be addressed (without intermediate
projections) without the framework here proposed.

Numerical schemes that solve gradient descent flows and PDEs onto generic target manifolds ./~ (and
spheres or surfaces in particular) will, in general, move the points outside of ./~ due to numerical errors.
The points will then need to be projected back, * see for example [1,11] for the case of .4 being a sphere
(where the projection is trivial, just a normalization). For general target manifolds, this projection means
that for every point p € R? (/" C R?) we need to know the closest point to p in .4". This means knowing the
distance from every point p € RY to ./" (or at least all points in a band of .4"). This is nothing else than an
implicit representation of the target ./", being the particular embedding in this case a distance function.
This presents additional background for the framework here introduced, that is, if the embedding function
for the surface has to be computed anyway for the projection, why not use it from the beginning if it helps
in other steps in the computation?

In a number of applications, surfaces are already given in implicit form, e.g. [7], therefore, the framework
introduced in this paper is not only simple and robust, but it is also natural in those applications. Moreover,
in the state-of-the-art and most commonly used packages to obtain three-dimensional models from range
data, the algorithms output an implicit (distance) function (see for example graphics.stanford.edu/projects/
mich/). Therefore, it is very important, if nothing else for completeness, to have the computational
framework here developed, so that the surface representation is dictated by the data and the application
and not the other way around. On the other hand, not all surfaces (manifolds) are originally represented in
implicit form. When the target manifold ./" is simple, like hyperspheres in the case of liquid crystals, the
embedding process is trivial. For generic surfaces, we need to apply an algorithm that transforms the given
explicit representation into an implicit one. Although this is still a very active area of research, many very

2 Very important work has been done for finite element approaches, e.g. by the group of Prof. M. Rumpf; as well as for particular
equations on particular sub-division representations [3].

3 For particular flat target manifolds as the whole space R? or as those in [37], the projection is not needed. Other authors, e.g. [8,28],
have avoided the projection step for particular cases, while in [51] the authors modify the given variational formulation, in some
restricted cases, to include the projection step.
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good algorithms have been developed, e.g. [16,20,29,48]. Note that this translation needs to be done only
once for any surface. Note also that for rendering, the volumetric data can be used directly, without the
need for an intermediate mesh representation.

Using the results described below and the basic “dictionary” provided in the Appendix, we can translate
PDEs and variational problems, based on intrinsic characteristics of the manifold, into PDEs and varia-
tional problems that depend on the implicit manifold and the embedding space, and from there, use existent
numerical schemes. This translation is done in a systematic and generic fashion.

2. The computational framework

From now on we assume that the target d — 1-dimensional manifold ./ is given as the zero level set of a
higher dimensional embedding function ¥ : R? — R, which we consider to be a signed distance function
(this mainly simplifies the notation). For the case where ./" is a surface in three-dimensional space for
example, then i : R* — R. We also assume that the domain manifold .# is flat and open (as mentioned in
Section 1, general domain manifolds were addressed in [5]). We illustrate the basic ideas with a functional
from the theory of harmonic maps. This is just a particular example (and a very important one), and from
this example it will be clear how the same arguments can be applied to any given variational problem and
PDE. In particular, it can be applied to common Navier—Stokes flows used in brain warping [34].

2.1. The variational formulation and its Euler—Lagrange

We search for necessary conditions for the functional E[i], defined by

M
where
=1 A 1 2
el £ 51311 )
to achieve a minimum. Here, | - || = Z.j(~)fj is the norm of Frobenius and J; is the Jacobian of the map

il : M — {Y = 0}. Note that here we are already restricting the map to be onto the zero level-set of ¥, that
is, onto the surface of interest ./” (the target manifold). This is what permits us to work with the embedding
function and the whole space, while guaranteeing that the map will always be onto the target manifold, as
desired. * Once again, this energy will be used throughout this paper to exemplify our framework. It will be
clear after developing this example that the same arguments work for other variational formulations, as
well as for generic PDEs defined onto generic surfaces.

Proposition 1. The Euler—Lagrange of Eq. (1), with (2), is given by

Al + <ZH¢
k

where Hy, stands for the Hessian of the embedding function \ (and we used the notation A[X,y] = y'AX). The
solution to this equation is a map onto the zero level-set of .

Ou Ou .
a—xk,a—xk]>v¢(”) =0, (3)

* We use ~to note that for the most general case, the function is vectorial.
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Proof. The proof is based on adding to the classical techniques to compute Euler-Lagrange equations a
projection step that guarantees that the perturbation keeps the map onto {yy = 0}.
Assume that # is a map minimizing E(-). Given ¢ > 0, we construct the variation

U, 20+ 17,

where 7 is a compact C* map in .#. For an arbitrary x € .#, we will in general not obtain that
?,(x) € {yy = 0} for all ¢t and x. That is, ¥(7,(x)) # 0 at some (z,x). Therefore, this variation is not admis-
sible. On the other hand, we can from it construct an admissible variation via

W =T y—0) (7)),

where IT;,_g) : RY — {y = 0} is the projection operator onto {y = 0}. Note that since i is a signed distance
function, we can simply write this projection operator onto {i) = 0} as

M0y (@) = & — (@) Vi (3).
Let us now define
&(t) 2 E[w)).
Since the energy achieves a minimum for ¢ = 0,

£yl dE(t) —0
de |,

Let us compute this first variation. We have that

50 Z/// Gx t) d yv. (4)

t=0

Moreover (recall that Hy, stands for the Hessian of ),

ow, _ Oii o7 . Oii o7 . N . Oii o7
aj = (a_x/+ ta_x,> - (VW(Wt) : <6_x,+ f@))“ﬁ(wr) — (W )Hy (%)) (a—xj‘i‘ ’a_x,> (5)

and we observe that

ou _. Oi
— - (vw ) a}(j)vw i)

since ¥ (i) = 0. We can further simplify this observing that 0 = 9y (i) /ox; = V(i) - 0ii/0x;. Therefore,

ow,

o, ;

(1=0)

dil
=0 ()

J

ow,

ax;

J

(1=0)
With a bit further work we can compute the additional derivative, d(“w ) /dt = 6( ) /0x;. This change

in the order of derivatives is done in order to immediately evaluate the result at t = 0, thereby simplifying
the following derivative. Following in an similar fashion, we obtain
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e (V) 7)) - (H, ()7 )
and

dw! . oo _,

i, = (@ 7) Vi@, (®)

Combining the above computations all together we obtain
ow! of 4
d<§f> _ ( N <r0>>

(t=0)

- vw<ﬁ>{67~vw<ﬁ> H, (2) } - Wﬁ))(Hwa‘?). ©)

an

Following from (4) we have that °

o, 4 (a»;,) o o [ea oa
6(’ - Z / < axj ) //U - Z / { axj aixj - ( . Vlﬂ(u))H./, la%,a%] }d//l) (10)
t=0

Now, applying the divergence theorem we conclude the computation. We first write

oF il D
" a—xj d_//l) = Z , Vr - Vu d!///l)

u Ox j

N

and then apply the fact V¥ - Vu' = V- (¥'Vu') — ¥ AW, together with the divergence theorem, to obtain
(n stands for the outward unit normal to 0.4).

or Ou ;ou' -
W = / - / PAd v 1
M Eixj 6xj ” Z ax On M ! (1)

To conclude we put together this last expression with (9), and after some algebra we obtain that &, is

equal to
)Vl//( )} M V- (12)

Ou Oi
17’~J;,nde/17- A + H
/a,// Y { ( Xk: v l@x ax

The boundary condition is eliminated since the support of 7 is compactly included in .#. To eliminate the
additional term for an arbitrary ¥ we must impose

q ou ou .
Au+<Xk:H¢[a—m,a—n]>V¢(u)O. 0 (13)

Eq. (3) (or (13)) then gives the corresponding Euler—Lagrange for the given variational problem. Note,
once again from our computations, that despite all the terms “live” in the Euclidean space where the target

5 We have used as before the notation A[x, §] = yT4%.
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manifold is embedded, # will always map onto the level-set of interest, {{ = 0}, and, therefore, onto the
surface of interest. This is guaranteed by this equation, no additional computations are needed. This is the
beauty of the approach, while working freely on the Euclidean space (and, therefore, with Cartesian
numerics), we can guarantee that the equations are intrinsic to the given surfaces of interest. We will further
verify this in Section 2.3 to help the reader grasp the intuition behind this framework. In the same section
we present a particular example of the above equation for a target surface given by a hypersphere.

2.1.1. The gradient-descent flow
The gradient descent corresponding to (13) is given by

ou' e | ou ou | oy
5 = du —I—kZ;Hw(u)[—,—] 5 ) (14)

axk axk

where the initial datum i, is given by the vector field we want to process, together with Neumann boundary
conditions

x,0) = iy xe M,
{J5n|ajz = 0~( ) (15)

To complete the picture, the use of Neumann boundary conditions needs to be justified. This is done in
Appendix A.

2.2. Connections with harmonic maps

The goal of this section is to illustrate the connections of the equations above with the well-known theory
of harmonic maps. As it is the case of the proof of Proposition 1, these connections are simple to derive, as
we do below. Nevertheless, the derivations themselves present illustrative calculus with implicit surfaces and
PDEs on them.

The expressions derived in previous sections come from the theory of harmonic maps, e.g.
[6,9,13,15,17,18,22,25,38,41-43]. In general, harmonic maps are defined as those maps between two man-
ifolds (.#,g) and (4", h) which minimize the energy

£l [ i avs, (16)

where, in local coordinates, the energy density elii] is given by

1 ou' o

el (x) = 5.8 (x)hy (1 (x)) — (17)

0x, axq
We have used Einstein’s summation here, where repeated indices indicate summation with respect to this
index, together with the usual notation for tensors. © When both the domain and target manifolds are

represented explicitly, the classical case, the Euler—Lagrange equation corresponding to this energy is given
by (see [41])

ou' o
x* O - (18)

! 1=\ o
A//u +r,j(u>g

6 (g—l)ijég[,/‘.
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where A, is the Laplace-Beltrami operator (reduced to the regular Laplacian for the case of flat domain
manifolds) and l“’ ( i) stands for the Christoffel symbols of the target manifold, evaluated at i#i. Note that the
first component, the Laplace—Beltrami of u, addresses the domain manifold, whereas the second term
addresses the target manifold. By embedding the target manifold, we are changing the Christoffel symbols
(expressing them in implicit form, see below), 7 while the work in [5] changed the other terms, since the
embedding was done to the domain manifold, see Section 4. The framework here introduced can then be
seen as the re-writing of given PDEs mapping manifolds to manifolds in such a way that the intrinsic
geometric characteristics of the equation are expressed using the embedding functions.

As an example, let us see what happens with the above energy for the Euclidean case. Since both metrics
are proportional to the identity

w53 (%)

which is just a constant multiplying ||Jg||i7 Therefore, the energy defined in the previous case is just a
particular case of harmonic maps. In general, this energy can be used in problems such as color image
denoising and directions denoising [43,44], as a regularization term for ill-possed problems defined on
general surfaces [19], for general denoising [40,47], for models of liquid crystals, and as a component of a
system for surface mapping and matching [15,34,49].

2.2.1. An(other) informal calculation

We now present an additional computation that connects in a deep way the implicit framework with
harmonic maps. We consider the harmonic energy density given in (17) for the planar domain manifold
case (g; = 9;;). We can simplify things to obtain

_ 1 6u ow
e[u] ()C) = Ehl/(u( ax ax 2 § :h uxp’ I/pr
p 9Xp

We know that Iy, =1 - V'V can be thought of as the inverse of the target manifold’s metric tensor.
But since Vi is a zero eigenvalue eigenvector for HW, it will be a oo eigenvalue eigenvector for Hv y- Then,
we cannot use the identification h = (h;;) < Il 1 in the above expressmn for the energy density. However,
we can proceed as follows. Take € > 1 and deﬁne the metric ®

h*2 (el — Vy V')~

one can then compute the inverse as (it is an elementary formula, see for example [26])

ol (1T

€ e—1

The energy density can be rewritten as (we will use a subindex ¢)

e [d](x) 26 <Z||_'r| +— er, V| )

After computing the variational derivative for the functional [, e[i](x) dx we obtain that # must satisfy

7 Or alternatively, the second fundamental form of the target manifold.
8 Since € > 1, all the eigenvalues are positive.
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- | oo .
Au+6_1 (ZHWWM)“M] +AUVW>VW=O

By multiplying all the terms in the above equation by € — 1 and letting ¢ — 1 we find that the expression
between brackets must vanish. As we will see in Section 2.3, what is between brackets is nothing but Av(x)
where v(x) = (ii(x)). So v is a harmonic function in .#. It is also evident that v satisfies Dirichlet boundary
conditions if # does, and since we are trying to map things from .# to /", those boundary conditions for #
must be such that dist(ii(x), /") = 0 for x € .#, so v|, , = 0. Then, we conclude that v must be zero ev-
erywhere in /.

2.3. Simple verifications

We now show that the Euler-Lagrange (13) and its corresponding gradient descent flow (14) are the
extension for implicit targets of common equations derived in the literature for explicitly represented
manifolds. We also explicitly show that the flow equation guarantees, as expected from the derivations
above and in particular from the proof of Proposition 1, that if the initial datum is on the target manifold, it
will remain on it. We also express the second fundamental form of a manifold that is implicitly represented.
All these results will help to further illustrate the approach and verify its correctness.

2.3.1. Geodesics on implicit manifolds

It is well known, see [17,18,39], that arc-length parameterized geodesics on the manifold .4~ satisfy the
harmonic maps PDE, and, therefore, Eq. (3). If we assume isotropic and homogeneous metric over .4/,
from Eq. (3) we obtain that (arc-length parameterized) geodesics must satisfy

i+ Hy[7.9] vy () = 0. (19)
This important equation shows how to obtain geodesic curves on manifolds represented in implicit form.

2.3.2. Liguid crystals (N = S, hypersphere)

One of the most popular examples of harmonic maps is given when the target manifold ./ is a hy-
persphere. That is, the map is onto S9!, In this case, the embedding (signed distance) function is simply
V() = 7| - 1, ¥ € R". From this, Vy/(¥) = #/||¥| and (Hy (), = &;/[I¥]l — y/|¥]". We also have that

Ou Ou Oou' 0w  Ou' ow
H, (d oA | T Oa T A T A A Uil
l//(u(X)) [axk ’ axk ] J ka axk @xk axk uitly

since ||#|| = 1. In addition, u'(0u’/0x;) = 0, fact simply obtained taking derivatives with respect to x;. We
then obtain that (du'/0x;)(Qu//dx)uu; = ((Ou' /dxe)u;)® =0, and Yo Hy (i(x) [, 2] =3, (2 =
|J2(x)||%. Therefore, the corresponding diffusion equation from (14) is

ou _ 2

& = AT+ Tl
which is exactly the well known gradient descent flow for this case. We have then verified the correctness of
the derivation in Proposition 1 for the case of unit spheres as target manifolds.

2.3.3. Diffusion of probabilities
In this case, 4" = {x € R/|x; >0, Zflzl x; = 1}, which is not a closed manifold. However, by maximum
principle arguments, if the initial datum is on .47, it will remain there for all time of smooth existence, see
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Section 2.5.1 and [37]. Then, we can formally consider y(x) = Zil x; — 1/+/d, the signed distance from a
point x € R? to the hyperplane {z € RY| Z;{:l z; = 1}, where the sign was selected accordingly to our choice
of (1,...,1)/+/d as the unit normal to the hyperplane. We then obviously obtain Vi (x) = (1,...,1)/Vd
and Hy (x) = 0 for all x. Consequently, the evolution equation for this case is

i, = Aii

as expected [37].

2.3.4. Mapping restriction onto the zero level-set

We now explicitly show that if the initial datum belongs to the target surface given by the zero level-set
of i, then the solution to the diffusion flow (14) also belongs to this level-set. This further shows the
correctness of our approach.

Proposition 2. A regular solution to Eq. (14) holds (ii(x,t)) =0 Vx € 4, Yt = 0 of regularity.

Proof. If the initial datum is on {y =0}, then this property is true for #=0. Let us define
v(x,?) = Y(@(x,1)). Then, °

& = Vi) 5 = AT V(@) + Y H (@) | 502

ov i d [ oil om 1
o Z-

since Y is a distance function. In addition, dv/0x; = V(i) - 0ii/0x;, and then

% ou Oii %
SEL [ & e P I 0 Y
ox? < o) ax.> ox; + Vi) ox?

1

Adding on i =1,...,d, it follows that 0v/dt = Av, meaning that v verifies the heat flow. In addition to
this, (dv/om)|, , = V(Y (@(x,2))) -n = IEV(ii) -n = (Vi(id)) Jzn = (Vi (@))"0 = 0, due to the boundary
conditions on the evolution of #.

We have then obtained that v verifies the heat flow with Neumann boundary conditions and with zero
initial data. From the uniqueness of the solution, it follows that v(x,#) =0 Vx € .#, ¥t > 0. O

2.3.5. Second fundamental form for implicit surfaces

If we compare the gradient descent flow (and Euler-Lagrange equation) we have obtained with the
classical one from harmonic maps, we see that the main difference is that Christoffel symbols for the target
manifold term appearing in the classical formulation have been replaced by a new term that includes the
Hessian of the embedding function. We obtained this by first embedding the target manifold and then
restricting the search for the minimizing map to the class of maps onto the zero level-set of the embedding
function. This approach can be followed to apply this framework to any related variational problem. We
now show how the same equation can be obtained by simply substituting the second fundamental form of
the explicit target manifold by the corresponding expression for an implicit target manifold. This will il-
lustrate how to apply our framework to more general PDEs, not necessarily gradient descent flow. The
basic idea is just to replace all the PDE components concerning the target manifold by their counterparts
for implicit representations.

® The calculations that follow in the proof do not take into account that y might fail to be differentiable at some points. This could be
simply addressed by a regularization argument. Moreover, we use the fact that there exists 7 > 0 such that # is regular in [0, T).
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In [30] (p. 150) it is shown that the scalar second fundamental form h at a point p of a hypersurface ¥ can
be written in the form

_Hp)V. W]
TG

for V, W € T,. According to [30] (p. 139) the vectorial second fundamental form is given by

vy
U (p)(V, W) h(p)(V,W)va”

From (18) and what we have just seen it is obvious that the implicit version of the harmonic map Euler—
Lagrange is (13).

As stated before, the implicit representation of the target surface permits then to compute the second
fundamental form using differences on Cartesian grids, without the need to develop new numerical tech-
niques on polygonal grids.

From the result just presented, in order to transform a given PDE into its counterpart when the target
manifold is represented in implicit form, all that needs to be done is to re-write all the characteristics of the
PDE, concerning this target manifold, in implicit form. For completeness, in Appendix B we present basic
facts on calculus on implicitly represented hypersurfaces.

h(p)(V, W)

2.4. Explicit derivation of the diffusion flow

Here, we first proceed in a naive way to obtain an equivalent formulation of the gradient descent flow
that will help in the numerical implementation. We assume we have a family {i(¥, f)}, of mappings from Q
to A". For each ¢ we define the harmonic energy of a member of the family as

1
B0 =3 [ I o

We then find a variation of the family such that E(¢) decreases. To accomplish this we formally dif-
ferentiate the energy with respect to ¢. A simple computation yields

E@t) = —/ﬁ,~Aﬁdx.
Q
Now, since i(¥X,t) € A" VX € Q and V¢ of smooth existence, one must have i, (¥, t) € Tzz,/". An ap-

propriate choice for #, would be

17[, = HTaA

Gi(T,0)"

(A#l) (20)
since this makes £(r) = — [, ||i]|* dx <0.

The projection operator in (20), as we already know (see Appendix B), can be expressed in a very simple
form using s (the signed distance function to /"),

M, () = €~ 7 V(o) Vi (p). (21)

Now, it should happen that (20) is equivalent to (14). We show this in Section 5.
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2.5. Remarks on the solutions of the diffusion flow

In previous subsections we have derived novel equations for PDEs mapping into target manifolds. We
complete the work of this section with relevant results from the literature on the mathematical correctness
of these equations.

The well-posedness of these diffusion problem with Neumann boundary conditions is addressed in
[24,35], where the following results are obtained, here included for completeness.

Theorem 1. For a given C* mapping iy : .# — N C R with Oiy/on=0 on 0.4 and for every
24+ dim(4) < p < +oo there exists an € > 0 (depending on iy) and a mapping i : M — N of class
L5( % [0, €], R™). ' Moreover, ii is unique and C* except at the corner 0.4 x {0}.

Theorem 2. Let (.#,g) and (A ',h) be compact Riemmanian Manifolds with convex boundary. Let
il M % [0,w) — N be a maximal solution of the diffusion problem with initial value a C* mapping iy, ** with
o= |leliio] ||y~ > 0. Let r € R be such that Ric., > —*%g, '2 and R = 0 such that all sectional curvatures of N
are not greater than R /4. Then,
1. In the case r + Ry, > 0

(a) if R > 0 then

{(u> ylog(l+¢-) when r#0,
N .

7 when r =0
10

w =
(b) if R =0 then o = +o0.
2. In the case r + Ry, <0, o = +o0.

2.5.1. Maps into open surfaces

So far, we have only addressed the case when the target surface is closed (zero level-set). We now briefly
deal with open surfaces. We show, following classical results, that when the map # is evolving according to
the flow in Section 2.1.1, the set %()= {ii(x,t),x € .#} remains inside the initial convex-hull of
o= {iiy(x),x € M} ¥t = 0. This property is basically a consequence of the maximum principle. In the
actual computations, this might of course be violated due to numerical errors, and we will later discuss how
to correct for this as well.

Let us first motivate the general result presented below for the planar case. Assume that the target
manifold 4" is flat, for example R* (we still assume that the domain manifold .# is flat). Let ii(x,t) solve
0ii /0t = Aii for x € .4 and t > 0, and (ii/0n)|, , = 0. Let = be a convex set of R* with smooth boundary
(this guarantees that the distance function is also smooth almost everywhere, see [39] for a formal state-
ment), and ¢ the signed distance function to this set (positive outside and negative inside). Define
g(x, )2 E((x, 1)). Then, it follows that dg/dt — Ag = — S+ H(0/0x;, dii/dx;). ' Since & is convex, so it
is & Then, the Hessian of ¢ is positive semi-definite, meaning that 0g/0t — Ag <0. Following the scalar

L2 x [0,€], R"!) is the space of functions f : .4 — R"" such that for every i=1,...,n41, V. /", Hf/,/ and % are all in
L2(4 % [0,¢€]).

"' A solution @ : .4 x [0, w) — A" of the diffusion problem is maximal if it cannot be extended to be a solution on .# x [0, + €) for
any € > 0 or if o = +o0.

12 Ric., stands for the Ricci curvature tensor of ..

13 Note once again that we are omitting details regarding the correct handling of the distance function, since it is not everywhere
differentiable. However, by a regularization argument, the same conclusion holds.
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maximum principle, maxX e 4, > 0} &(X, #) = Maxye. .y g(x,0). If {iy(x),x € .4} C E, which is equivalent to
0 = &(iy(x)) = g(x,0), we obtain that g(x,¢) <0, and i(x,t) € Eforallx € .# y t > 0.
The general result now presented is from [24]. We quote it here for completeness. '

Theorem 3. Let ii(x,t) be the solution of (14) at time t. Let us assume that for t < T this solution remains
smooth. Let Iy = iiy(Q), and 9, be the convex hull of Iy. Then, for (x,t) € Q x [0,T], ii(x,t) € J,.

3. Maps into implicit submanifolds

Here, we present a modification to the diffusion flow introduced above, which is well suited to diffuse
data that belongs to a certain submanifold € of A" ={y =0}. We specify this submanifold by
% = {y =0} N{® = 0}, where we select @ : R¥ — R to be the signed intrinsic (to ./") distance function to
{® = 0}, satisfying (see Appendix B for the notation)

1= |Vl = \/IVol - vy Vol (22)
In addition we specify the condition

®(p) =0 forpe Ay,
where

Hy={xeR"x =p+aVy(p) withp € €, o« € R}

is the cone intersecting {yy = 0} at ¥ and director rays normal also to {yy = 0}.

The reason for specifying the submanifold this way is that we cannot proceed as before, simply speci-
fying the submanifold as the zero level set of its Euclidean distance function. This is because such function
would be singular precisely on the submanifold.

As we show in Appendix B, the Hessian of @, intrinsic to 4" evaluated at the point p, and restricted to act
on vectors that belong to 7,.4”, can be written in the form

H, (p) = Ho(p) — A(p)H, (p), (23)

where A(p) = V®(p) - Viy(p). This expression will be used below.
We now derive the Euler—Lagrange corresponding to this additional mapping restriction. For this, we
use a technique slightly different that the one in Section 2.1.

Proposition 3. The Euler—Lagrange of the functional (1), when the solution is restricted to the implicitly
represented submanifold € defined above, is given by

Ou i
_, _. 1_.
Au—l—(E H, (i) )Vlﬁu <E H, (i) [axk o

Proof. Let us assume that i achieves a minimum of the energy functional (1). We must build a variation of #
that belongs to @, the intersection of the zero level-sets of two embedding functions (and not just of ¥ as
before). It is clear that one such variation would be

Ou Ou
ax 6x

)V.,,(b(ﬁ) = 0. (24)

14 The proof of this result has a lot of interest in itself since it can be carried out within the implicit framework introduced in this
paper.
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iy = Ty (i + 75).

We are interested only on those terms of e[;] that do not vanish after the 3", (9/0x;)(-)|,_, operation,
namely those linear in A. Therefore, we only preserve those terms in w; which are constant or linear in A:

vT),i ~ i + )LHTﬁZ/(ﬁ).
We write
My (3) = Ty gm0y {7 — (7 94 0(@)) V4 0(@) } = 7 — (7 Vy 0(@) )V, @(@) — (- V(@) Vi (@),

where V, @(ii) = V& (i) — A(i) V(i) is the gradient of @ intrinsic to { = 0}. In this way we find that (up
to a first order in A)

~ v, P g vy - 8- vy - 5 e ] (25)

Since @ (i) = (i) = 0, differentiating with respect to x; we obtain that V(i) - éi,, = V(i) - ii,, = 0, and
therefore

v, (@) - i, = 0.

The expression (25) can be simplified to obtain

e[iw;] =~ eli] + izN: iy, - By — TV, ®(&) Gvgif(ﬁ) V@) 6Vaxi{ﬁ)
= i i
Moreover, since
avgij(u) = Hoily, — 27/1 (@) (i) — A(i)Hyii,,
we have
oV, 9(d)

: ﬁxi = Hcg [ﬁxn ﬁxi]'

Ox i

With all this in mind we find that (again, up to first order in A)
N
o] = el + 23 it - [B, — T Vy @My (@, i) — 7 VY@H, @), 7]

Using this expression, after imposing that (0/04)|,_, [, e[W;] dv = 0 for every ¥, we find that the Euler—
Lagrange is

Ou Ou ~| Ou Ou
Aii E H, | —,— i E H | = =
At < - v [axk’axkbvw(”H ( ? [axk’axk

k

) v, (i) = 0. (26)

an expression utterly predictable. [
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3.1. Simple verification

As for the case of closed manifolds, we now verify that in fact the gradient descent corresponding to the
Euler—Lagrange (26) keeps i in {y = 0} N {® = 0}.

Proposition 4. If i is a solution to the gradient descent flow corresponding to Eq. (26), then i maps into the
submanifold {y = 0} N{P = 0}.

Proof. We just need to show that both v(x, ) £ (ii(x,¢)) and u(x, ) 2 ®(ii(x,t)) are always zero. The idea is
the same one we used in Section 2.3, it is enough to show that both v and u satisfy the heat equation with

adiabatic boundary conditions:
[¥] We have

axk ’ E)xk

v, :pr-Aﬁ—l—Zle
k
since Vi L V, . Also

il 6&]

xi " O

Av:VW-Aﬁ+ZHw[
k

and
v, = Av.
[®] We have

Ou Ou

=V®-Ai+Vo-V,d H,
4 (; ¢ |ﬁxk axk

Ou Ou
) +A<ZHVI[axk’aM€‘|>.

From V& - V,® = V,&-V,® = |V, ®|* = 1, the above equation continues as
— v Ai+ | S H, +4(YH Qi o
- P ¢ P v 6xk ’ axk
Ou Ou
=Vo- A H .
=V u+(z dj[a)% ka]>

Also

ou ou
axk ’ ka

oii
Ap=vVao. Au—l—(Zqu[aJZ 6>ZD

and then
e = Ap

Finally, it is easy to see that both v and u satisfy Neumann boundary conditions. Since at t = 0 both
functions are zero, we must have that they are identically zero. [
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3.2. Example

We now present an example of the evolution corresponding to the above equation, where the target
manifold is the circle S' C R*. We will prove, by direct calculation, that the evolution PDE corresponding
to (26) reduces to the expected one from the classical theory of harmonic maps (liquid crystals).

Let 4 = {(x,y,z) € R*x>*+3> =1,z=0}. We will then choose the representation % = {(x,y,2) €
R’z =0} N {(x,y,2z)|x> +* = 1}. We select A" = {(x,y,z) € R*|z = 0}, that is, Y(x,,z) = z and therefore
Vi =& = (0,0,1). The set # ¢ is then given by {(x,y,z)[|x> +»* = 1}. In Fig. 1 we depict this situation.
Now we solve (22) with the condition @[, = 0. Observe that V,® = (&,, ®,,0). Then, the PDE we must
solve reads @+ @2 =1, and the solution that satisfies the boundary condition above is
D(x,y,z) = 1/x2 +y* — 1. Let p = 1/x2 + 2. One computes that V&(x,y,z) = (x,,0)p~'. We can now find

the components of Hg, the Hessian matrix of @ at the point (x,y,z), to obtain @, = p~! —x?p73,

2, = pt =y, &y =&, =—xpp?, and P, =P, =P, =P, =P, =0. Since H, =0 we obtain
H; (x,y,2) = Ho(x,y,2).

The next step is to write Eq. (26) in this specific case. The first observation is that, again, since Hy, = 0,
the time evolution corresponding to (26) simplifies to

i, = Al + (;H(p(fz) [a axk} > V().

For any vector ¢ = (v,,v,,v.) € R, one has at the point (x,y,z), He[t,7] = v2(1 —x?) + v*(1 — x?)—
20,0, = 02 + 02 — (xv, +v,)°.

It is also of great help knowing, from Section 3.1, that along the time evolution, both (i) = 0 and
@(ii) = 0 if the initial datum is on %. This translates into p = 1 everywhere in our expressions for Hey and
V®. Let us write # = (U,V,W). Then, since U?>+ V? =1, differentiating with respect to x; we find
UU,, + VV,, = 0. We also have W = 0.

Hence, Ho (if)[iiy, , ity ] = U2 + V2 — (UUy, + V%, )* = U2 + V2, and the time evolution equation reads

U =AU + (VU + V7)1,

V= AV + (IVUI + [V V)7, (27)
w =0,
/\ N
€3 i &/
‘ c
Ke

Fig. 1. Example of a mapping into S' C R>.
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which we immediately recognize as the one corresponding to diffusion of maps into S' (C R?, if we discard
the superfluous component ), see for example Appendix A, Eq. (A.2).

4. Implicit domain manifolds and p-harmonic maps

For completeness, we present now the formulas corresponding to the case where both the domain and
target manifolds are represented in implicit form (with the embedding functions being the corresponding
signed distance ones). Deriving these formulas is straightforward using the framework here presented when
combined with the work in [5]. We also show the corresponding flows for p-harmonic maps.

4.1. p-Harmonic maps

We still assume .# to be planar. The energy density (2) (but not the dependence of the energy on its
density) is redefined as follows. For every p € [1, +00) let

aal
eplil] = > 19z
A simple application of variational calculus leads to conclude that '°
— 1-2 [N
iy = p Mgy (V' ((ep[u]) ”Jﬁ))- (28)
Note that if p < 2 difficulties are expected to arise, see [43] and the references therein.

4.2. Generic (implicit) domain manifolds

Let . # = {x € R": ¢(x) = 0}, where ¢(-) is the signed distance function to .#. Then the diffusion is
given by

i, =V - (Mgyd7) + (Z H, [i,,, ii,,] (Hw)kr> V. (29)
kyr

The whole deduction rests upon the redefinition of the energy (1) and its density (2). Now we should define
the energy density to be

ol 2
ealil 2 3141
where the intrinsic Jacobian of i can be written as (see Appendix B for more details) J¢ = J;ITg,.
The new definition for the energy should be '°

£ | eylio(o0s) d. (30)

15 The divergence operator convention (for a matrix 4) we have used is V-4 = (V- A4, |---|V - 4,,), where 4, stands for the ith
column of 4. That is, we apply a columnwise divergence.
!¢ We have already taken into account that || V| = 1.



280 F. Mémoli et al. | Journal of Computational Physics 195 (2004) 263-292

Comparing (29) with (18), we can infer the implicit form of the Christoffel symbols '’

o2 0
L)) = s (i) 2 (@)

4.3. Generic (implicit) domain manifold and p-harmonic maps

Using both generalizations presented above, we arrive at the following formula with a bit more com-
putational effort

R _2 12
ii, = p' Mgy (V' ((%‘p[u])l "Hng))’ (31)
where

—

1
e¢,p[u]él—)||Jg

p
7

4.4. Diffusion of tangent and normal directions

Throughout this section we will assume dim(.#) = dim(.4"). Assume we want to diffuse intrinsic vec-
torial data constrained to be a direction (unit norm) and to be either normal or tangent to the domain
manifold, e.g. [5]. This is an extremely important case, for example to denoise principal directions and
normal vectors. We now derive these equations, which to the best of our knowledge have not been reported
before even for explicit manifolds.

To achieve this goal, we minimize the functional (30) taking a variation of the form (assume # minimizes
the energy functional while satisfying both ||#Z|| = | and I1(i) = )

s i+ (D)

RN CETGT

where B : .# — R? is smooth and IT is either Iy, , or Iy, (projection onto the tangent or normal space,
respectively). Let w = I1(¥). Then it follows easily that
dE[ii;]
dt

=~ [ {oii+ 2eqfat} - o o) d.

=0

Imposing (dE[i;)/d¢)|,_, = 0 for all v implies
11(Agii + 2l ) = 11(Agii) + 2e, [l = 0

Finally, the diffusion flow obtained is

% (x,0) = 11, (Aﬂ(x, t)) + ey [i)(x, 0)ii(x, ). (32)

17 Of course g/ = (l'Iv(,)),.j(: g 1). Then, it is nice to observe (although formally incorrect) that since Iy, V¢ = 0, then the metric
g : R — R?* has eigenvalue +oo in the direction given by V¢ thus prohibiting intermingling of information between adjacent level
sets of ¢.
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Note that if the PDE (32) admits a smooth solution until time 7, '® and if (for instance) we are dealing
with tangent directions diffusion, the function f(x,#)£V(x)-ii(x,t) satisfies f(x,) = 2ey[id]f (x,1).
Therefore,

fx, ) =f(x,0) ezf(:e[ﬁ](m) dt

thus verifying that if V(x) - #(x,0) = 0 then V¢ (x) - ii(x,¢) = 0 for + < T. We also want to check whether
llid(x,0)|| =1 V(x,¢). Let

025 [ 1l 6(0) d.
Then Fy[i](t) = — [pu i, - A¢u5(¢(x)) dx. Since both ||ii|| = 1 and I1(i) = i (so (i) = u, since IT does not
depend on ¢) must hold, and in order to make Fj[ii](¢) non-positive we choose
iy = Mg qa-c) Ao, (33)

where HT‘{H“H—C} =1- Zi/||u|| ﬁT/HuH for any ¢ > 0.

Note that the above evolution indeed forces ii(x, ¢) to satisfy both imposed conditions. Let ¥ : RY — R?
be such that I1(7) = 0. Then (7 -#), = 0 - i, = 0 - Iy 501 Ayii = 115 - HTA{HL,HT}AW =0, since the projec-
tion matrix is symmetric, and just using this we have ((1/2)|1@|> ), =i -ily = i - Uz (jzj=y = 0 trivially.
Finally, using ||i|| = | and carrying out some computations in a way similar to Section 5, *~ one can prove
that (33) reduces to (32).

5. Numerical implementation and examples

We now discuss the numerical implementation of the flows previously introduced. Since the target
manifold is now implicitly represented, we can basically use classical, well studied, numerical techniques on
Cartesian grids. In other words, the framework here introduced permits the use of already existing nu-
merical techniques, thereby enjoying their available analysis results. This is a key concept, instead of
working on the development of new numerical schemes for meshes, the use of implicit representations
following our framework brings us back to classical schemes. Moreover, examples like those in Fig. 5 have
not been reported in the literature yet, since prior to our approach all PDEs for mapping three-dimensional
meshes used projections as intermediate steps. Therefore, the work here proposed, when combined with [5],
not only permits to use classical numerical schemes to solve PDEs and variational problems for surfaces, it
is also an enabling technology for general maps.

Note that although the flows derived in this paper guarantee that the map remains on the target (sub-
manifold), numerical errors can move it away from it, requiring a simple projection step (see the projection
equations presented before in this paper). In particular, when dealing with submanifolds, although the
evolution equations also guarantee that the solution will remain inside the convex hull, due to numerical
discretization, # could be taken outside of it during the evolution. In order to numerically project it back,
we need to have a distance function to this convex hull defined on the implicitly defined target manifold. In
[32] we have shown how to computationally optimal compute such a distance function on implicitly defined
manifolds, and this is the technique used for this projection into the convex hull.

'® Note that we might be subject to the topological obstruction given by the Hairy Ball Theorem when dim(.#) = dim(.4") is odd.
19 The main difference is that now one must take into account the Laplace-Beltrami expressed “implicitly”’, see Appendix B for more
details on intrinsic differential operators within the implicit framework.
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An explicit scheme can be devised to implement (29) (recall that this is the extension, for general domain
manifolds, of the Eq. (14) derived in Section 2). However, following [14], it turns out that it is more
convenient to implement the mathematically equivalent evolution derived in Section 2.4. More specifically,
the equivalent evolution is (see Eq. (21))

Z—L; = Au — (Au - Vi)V (34)

That both evolutions are equivalent is easy to see.
Proposition 5. Eq. (34) is equivalent to the mapping into implicit surfaces flow (14).

Proof. One has that f(x,¢) =y (ii(x,t)) = 0 V(x,¢) € @ x R" U {0} for ii(-,-) satisfying (14). Now, differen-
tiating f with respect to x; we obtain

V(i) - i, = 0.
Differentiating again with respect to x;,

H, (i, i, + V{ - iy, = 0.

Summing for all i,

> Hy i, i) + VY A =0
and using the previous expression we derive (34) from (14). O

5.1. Numerical scheme

All the coding was done using Flujos as the main core (see [21]) and VTK (see [52]) for visualization
purposes. Note that for visualization purposes only, the surfaces are triangulated at the end, via marching
cubes as implemented in [52]. This is not at all an intrinsic component of our framework, and many ap-
plications (e.g. brain warping and regularization problems) are interested in the values of the solution i,
without the need for visualization of the target surface.

All the examples below were carried based in Eq. (31). Once again, the numerical implementation is
straightforward (at least when p = 2), since it is basic Cartesian numerics, and full details and analysis can
be found in the standard literature in numerical analysis. We select a particular efficient scheme from the
literature, while others (including implicit or semi-implicit schemes) could be used as well.

We use forward time discretization (explicit scheme), and for the spatial discretization, we used the
following well-known recipe. To spatially discretize

filx, 1) =V - (Kx)VS(x,1)) (35)

(K(x) is a symmetric positive semi-definite matrix), we consider backward approximation of the divergence
and a forward approximation of the gradient. Let us explain how this applies in our situation, and for that
we assume p = 2 in (31). Then, the equation we have to implement is

. T
i (x, 1) = My (V - (Myge (I3 (x,1)))). (36)
If we do not take into account the outer projection matrix, every coordinate of i evolves according to

U (x, 1) = V - (Mg Vil (x, 1))
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Fig. 2. Diffusion of a noisy texture map (left) onto an implicit sphere (right). (This is a color figure. See the journal web page for the
color version.)

having for each component the same structure than the model evolution (35). We then borrow the above
discretization for our evolution. If we consider the coupling among different u’s imposed by the projection
matrix gy, we see that we still preserve numerical stability since this matrix is positive semidefinite and
has spectral radius not greater than 1. *° In more detail, it can be shown after some calculations (see [23,45])
that for the scheme (p now denotes a position over the grid)

Bt =5+ AP@E) (V- (QV'E))
the stability condition is of the form (1 = At/(Ax)?)

S(p)
p(P(u)) max{S*(p), D*(p)}

A< min
pa

or

S, p (Pl ™ {max{s2<p>,02<p>}} ’

where p(P(p)) stands for the spectral radius of the matrix P(p), S(p) = >, (q,(p) + ¢;;(p — Axé;)), and
D(p) = >_,(q;(p) — qij(p — Ax€;)). In our case we may admit D(-) to be small compared with S(-) (given the
identification Q < Ily,) when Ax is small. This can be easily related to the curvatures of {¢ = 0} giving a
condition on the sampling of the distance function (¢) representing the domain manifold. This condition
mainly means that we require a fine enough sampling as to guarantee that the change in the normals to the
level surfaces of ¢ is small between adjacent grid points. This condition is obviated when the domain
manifold is planar. So the stability condition becomes

A< 1
b max, p(P(u)) maxﬁ S(p) ‘

20 Note that ||Z]* > Iy, [v,7] = lo]I> = |V - 7> = 0 for all 3. We have used that ¢ is a distance function.
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Fig. 3. Diffusion of a noisy texture map onto an implicit teapot. We show two different views (noisy on the top and regularized on the
bottom). (This is a color figure. See the journal web page for the color version.)

Since by Cauchy—Schwartz’s inequality (and the aforementioned assumption on the change of V¢ between
adjacent grid points) 2d (in practise) upper-bounds S(p), remembering the fact that p(P(p)) < 1, we arrive
at A< 1/2d. Note that if a more careful implementation is desired, good choices are ADI or AOS schemes,
see [53].

All derivatives in Ilgy) and Ilyg.) were approximated by central differences. An interpolation scheme
had to be used since the evaluations of Ilyy, in the above equation are at positions given by ii(x, ), po-
sitions not necessarily on the underlying grid. We used linear interpolation for this purpose.

Note that as done in [5], when the domain manifold is also implicitly represented, the values of the map
on it are, from time to time (every 5 iterations, for example), extended to its surrounding offset due to
stability considerations, we call this process “extension evolution”. This process is well known in the area of
implicit surfaces. Also, as explained before, due to numerical discretization, the discretely computed so-
lution map can be taken out of the target manifold during the evolution. In this paper, we simply project it
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Fig. 4. Diffusion of a texture map for an implicit teapot (noisy on the top and regularized on the bottom). A chess board texture is
mapped.

back at every iteration. We have seen that this projection is a trivial step due to the fact that the embedding
is a distance function. It is quite straightforward to show that the results reported in [1] can be extended for
our equations as well, at least for convex hypersurfaces (additional numerical work in this area has been
performed by E and Wang [14]). This guarantees then that the projection step does not introduce numerical
problems. Further analysis of this projection step will be reported elsewhere.

This provides the whole numerical scheme for this particular equation using our framework. To resume,
we implement (36) with simple finite differences schemes (central, forward, and backward differences). At
every numerical iteration, the values of # are projected to the zero level-set to correct for possible numerical
errors (projection which becomes trivial since the embedding function is a distance function). If the domain
manifold is not planar, every k (k = 5 in our experiments) iterations we run a certain number of iterations of
the extension evolution, [5]. When needed, we interpolate the values of the grid onto the underlying surface
by simple linear interpolation. All these steps are classical, simple to implement, based on well known
numerical schemes, and are generic and not designed just for a particular flow.
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Fig. 5. Diffusion of a random map from an implicit torus to the implicit bunny. In blue are marked those points of the bunny’s surface
pointed by the map at every instant. Different figures correspond to increasing instances of the evolution, from top to bottom and left
to tight. We show the map at 17 of 100 iterations performed to the initial map with a time step of .01. We used the 2-harmonic heat flow
with adiabatic conditions. (This is a color figure. See the journal web page for the color version.)
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5.2. Examples

In all the examples below, the domain manifold .# is either the Euclidean space R* or an implicit
torus. The target manifold ./" is an implicit surface in R®, that is, the zero level-set of  : R* — R, ¥
being a signed distance function (this is of course also the case when the surface is a sphere, iy being as in
Section 2.3).

In order to present interesting examples we construct texture maps, add noise to them, and then diffuse
them using our framework. Let .# be the surface onto which we want to map a given (planar) image defined
in a subset D C R%. Then, the texture map is a map T : % — D. Once the map is known, we inverted it to
find a map iy : D — . Then, we built up the noisy map # : D — % defined by

i(x) =y (ﬁo(x) + ﬁ'(x)),

where i : D — % is random map with small prescribed power o. We then feed the evolution (14) with i as
initial condition, and Neumann boundary conditions. After a certain number of steps, we stop the evo-
lution, invert the resulting map, and use it as a texture map to paint the surface with a certain texture. >!

As a means of finding a suitable 7 we have implemented the work in [50] (a multidimensional scaling
approach), combined with the technique developed in [32] for computing distances on implicit surfaces. In
all the steps just described there are some minor implementation details, mainly regarding interpolation
tasks, that we omit for the sake of clarity.

In Figs. 2-4 we then denoise vectors from the plane R to a three-dimensional surface defined as the zero
level-set of i/ : R* — R and map a texture image to the surface using the obtained map. Note that the map is
the one being processed, not the image itself.

We also show an example of diffusion of random maps from an implicit torus to the implicit bunny
model, see Fig. 5. As expected from the theory, when evolving this set with the harmonic flow, the set
converges to a unique point. This particular example of mapping a given three-dimensional surface to
another one was previously addressed via artificial, distortion introducing, projections to the plane or
sphere when the surface was represented as meshes [40].

6. Conclusions

In this paper we have shown how to implement variational problems and partial differential equations
onto general target surfaces. We have also addressed the case of open target surfaces and sub-manifolds.
The key concept is to represent the target (sub-)manifolds in implicit form, and then implement the
equations in the corresponding embedding space. This framework completes the work with general domain
manifolds reported in [5], thereby providing a complete solution to the computation of maps between
generic manifolds.

We are currently using this framework to map two generic surfaces for warping (without intermediate
projections onto the plane), and to develop numerical techniques for high order flows on and onto surfaces.
To complete the general computational framework here introduced, a detailed numerical analysis on
comparison with mesh based techniques is to be performed. For the work on implicit domain manifolds
introduced in [5], some of this analysis was recently performed in [2]. We plan to perform similar tests for
implicit target manifolds and results will be reported elsewhere.

21 Note that we are not proposing this as a complete texture mapping alternative, it is just to provide an illustrative example.
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Appendix A. Boundary conditions for the gradient descent flow

We now justify the use of Neumann boundary conditions for the gradient descent flow in Section 2.1.1.
In the scalar case, one has the evolution problem

Li(x,t) = Al(x,t), x€ M, t>0,
I(x,0) =1L(x), xe€ .4, (A.1)
VI -nl,, =0.

We observe that the quantity (1)< [, I(x,¢) d v remains constant,
O'(f) = / It(x, l) d,//l] = Al(x, t) dl,//l) = V- (VI) d(///l) = VI-n d(/z/S =0
M M M ol

thereby imposing the boundary conditions.

One wonders which quantity is preserved thru time by the flow in the general case, when imposing the
boundary condition (15). We illustrate this for the particular case of .#" = S!. In this case, the evolution
equations are given by (see also Section 2.3)

{X, = AX + (|VX|? + | VY|*)X, (A2)

Y, = AY + (|VX|* + | VY|)Y.
The Neumann boundary conditions for this case are written as
VX -n=VY -n=0 in 0./4.

Transforming to polar coordinates (p, 0) one finds that the evolution equations (for smooth initial data,
and at least for some time) are (see also [38])

0, = A0
’ A3
{ p,=0 (A3)
with boundary conditions
VO-n=0 ind.4.

Again one finds that [, 0(x,7) d 4v is constant.
In the most general case, when the target manifold is arbitrary, one might guess that the intrinsic
barycenter ** of the map is preserved through time, since that’s exactly what the particular cases given

22 The intrinsic barycenter G of the map & : Q@ — /" is defined by G = argmin, (1/2) [, d? (p,ii(x)) dx. See [12] for more details on
the barycenter.



F. Mémoli et al. | Journal of Computational Physics 195 (2004) 263-292 289

above show us. However, to the best of our knowledge, there is not such a result in the literature of
harmonic maps, and the conservation of the barycenter is only obtained when constraints are added. The
examples discussed above still motivate the use of Neumann boundary conditions.

Appendix B. Implicit calculus

We now present basic facts about differential calculus on implicitly represented surfaces. For more in-
formation see for example [4,10,31]. .

We have a smooth scalar function f : RY — R, and a smooth vector field / : R? — R? (d and D are not
necessarily equal). The manifold onto which the calculus is to be done is represented as & = {{ = 0}, for
Y(+) the signed distance function to .&.

All the ideas of differentiation can be obtained from simple considerations related to the restriction of the
function to a geodesic curve living in the manifold. We consider an arc-length parameterized geodesic curve
7 : [—€,¢] — & such that y(0) = p is a given point of . We denote F(r) = f(y(¢)) and A(r) = Z(y(¢)).

B.1. Implicit gradient

We differentiate once F(¢) to obtain F(0) = Vf(p) - (0). Since $(0) € 7, (the tangent plane), we find
the implicit gradient of f at p to be Vy.f(p) = Vf(p) — V1 (p) - fi(p)ii(p), where ii(p) stands for the normal
to the manifold at p. Since we can also write 7i(p) = Vi/(p), we obtain

Vaf (0)=V/(p) = (V/(p) - Vi (p) Vi (p).

We often use the alternative notation Vi since the definition can be applied to any level set of . Note
that we can write V,f = Iy, Vf, where

My, 21— VyVy'.

B.2. Implicit Hessian

If we compute the second derivative of F we find that £(0) = V/'(p) - #(0) + H,[(0), 7(0)]. Now, we know
that an arc-length parameterized geodesic curve of & must satisfy the harmonic maps differential equation

F+H, (), 7V (y) = 0.

We then find that £(0) = (H/(p) — V(p) - Vis(p)H, (p))[7,7]. Again we have that j € 7,%, and we find the
implicit Hessian of f at p to be

HY (p) £11,h,11,,,
where

hy =Hy(p) — Vf(p) - Vi (p)H (p).

We will frequently use the alternative notation H}/’»(p).
B.3. Implicit Laplacian

From the previous computation it is an easy exercise to compute the implicit Laplacian or
Laplace—Beltrami of f since by definition Ay f = trace{H'f 1.
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For any pair of symmetric matrices A and B one has that trace{ABA} =>_, >, >, a;ayb; and
trace{AB} = >_. Z a;;b;;. Now we have that IT,BIl, = B + AAVAYAVAS :AVAVA v/ leleTB BVyVy'.
We then obtain

trace{I1,BII, } = trace{B} + Z Z Z Yo W, b — 2 Z Z YW, by
ik i

Recalling that (+) is a distance function, so that it satisfies |[Vy| = 1, we find

trace{II,BIl,} = trace{B} — Z Z Y, by = trace{B} — B[V, VY.

We conclude the reasoning by taking B = h,
trace{H;/ } = trace{h;} — h/[Vy), V] = trace{h;} — H;[V, V/]
since Hy [V, V] = 0. Since trace{H,;} = Af — (Vf - V{)Ay, we find that
Agf =Af = (Vf-V)Ay —H [V, Vy].

It is interesting to observe how the expression just found for Ay f coincides with the one obtained by
minimizing the intrinsic Dirichlet integral, *

L1
22 LIVt o

as is done in [5]. The authors showed that a smooth function f extremizing D(f) must satisfy
V- (Vf = (Vf-V)VY) = 0.

We should verify that this definition coincides with ours. This is accomplished as follows

V- (Vf = (Vf- V) VY) = Af = (V- V) Ay =V (V- V) -V
=Af = (V/ - V)AY —H [V, VY| — Hy [V, V]
=Af — (Vf - VY)AY — H/ [V, VY] = Ay f (according to our definition),

since H, [Vy, -] =0

B.4. Vector calculus

o Implicit Jacobian: With the ideas developed before, we easily find (differentiating 71(t)) that
J7 LU0,

o Implicit Divergence: Using the expression for the intrinsic Jacobian we write
V- 12 trace(J;I1,)

and

23 As one expects since this is the definition of harmonic functions.
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Vg - A2V -1 =3[V, V.

It is useful to observe that V - 2 = V - / when A(x) € T.{y) = 0}.
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