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1 Introduction

Some previous works in image segmentation use mean gray level value to segment image into
homogeneous regions. In textured image segmentation, local histograms are used to extend the
mean value image segmentation model. Statistical based image segmentation uses parametric
models (mean, variance) or empirical distributions combining the Kullback-Leibler divergence.
Later, optimal transport is investigated to compare local 1-dimensional histograms. Then the
Wasserstein distance is proposed to compare global multi-dimensional histograms. The draw-
back of these non-convex active contours methods is the sensitiveness to the initial contour, and
to reduce such dependence on initialization choice, convex formulations are designed to compute
the global distance between histograms.

Yildizoglu(2013) provides a fast algorithm using ¢; norm between cumulative histograms. His
work focuses on 1-dimensional global histogram-based segmentation of grayscale images. Swo-
boda(2013) proposes a convex formulation to deal with low dimensional histograms, using sub-
iterations to compute the proximity operator of the Wasserstein distance. Cuturi(2013) provides
the entropic regularization of optimal transport distances for handling accurate discretization
of histograms. Papadakis and Rabin’s work in this paper is related to the work of Cuturi(2016)
that using the Legendre-Fenchel transform of regularized transport cost for image segmentation.

2 Histogram-based Segmentation

Some notations are as following: denote {.,.) as the Euclidean inner product and the ¢ norm
[I.|]| =+/¢{.,.). Denote A* as the conjugate operator of A and satisfies (Ax,y) = {(x, A*y). 1,
and 0,, € R™ are denoted as the n-dimensional vectors of ones and zeros. /¢, norm is referred

as ||z|]p, = (3 ]xi]p)%, and the norm of a linear operator A is [|A|| = supjj;|=1||Az||. Id stands
for the identity operator and the identity matrix Id, = diag(1,), while the operator diag(z)
stands for a square matrix whose diagonal is . A histogram with n bins is a vector h € R’}
with non-negative entries. The set S,, , := {x e R}, (z,1,) = m} is the simplex of histogram
vectors of total mass m, therefore S, is the n-dimensional discrete probability simplex of R".
The Kronecker § symbol is 6; ; = 1 if i = j, and 0; ; = 0 otherwise. The operators Prox and
Proj are denoted as the Euclidean proximity and projection operators, such that Prox(z) =
argming5|ly —z||* + f(x) and Projs(z) = argminges||y —z|| = Proxxy(z). The indicator and
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First lets consider the global histogram-based binary segmentation between two parts of a
greyscale image. Let © be the N-pixel image domain, note N as the size of Q (N = |Q]).
Let I : Q — A c R? be the image. h? and h! are two given reference histograms with
Yea BY(A) = 1,4 = 0,1. the author defines the binary segmentation represented by u : 2 —
{0, 1}, saying that the histogram on Qg := {z € Q,u(x) = 0} is close to h® and the histogram
on Q := {x € Q,u(x) = 1} is close to h'. Then compute the histogram on the region Q; by:
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A metric between histograms and a norm ||.|| on R is needed to solve the segmentation problem.
The total variation regularization is considered to determine the interface length between two
partitions. Therefore, the image is segmented by minimizing the following non-convex energy
over the set {0,1}"

J(u) =TV (u) +[|(hy = B )reall + [[(h1—u — h%)rea] (2)

where TV (u) is the total variation norm of the binary image u, relating to the perimeter of
O := {z € Q,u(x) = 1}. To handle the problem of energy minimization, some relaxations and
reformulations are needed. The first step of relaxation is using a weight function (probability
map) as a segmentation variable u : Q — [0, 1]. Therefore, a threshold can be applied to seg-
ment the image by Q;(u) := {z € Qlu(x) > t}.

In order to define a convex model, the data term is reformulated to compare histograms:
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If assume that |Q] = >, u(z) is known, then the distance is obtained:
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Notice that the distance is convex in u. A weighting factor 8 € [0, 1] is needed to balance the

data term of two partitions after normalizations, such that the ratio g = Lg |Q|( = ‘I%III

(4)

Denoting g} (z) := Wr_x(z) — h1(N), and ¢8(z) := Wi_x(x) — h°()\), observe the final convex
model as:

T(w) = TV () + 3¢ ghadsell + 1111 = v gDaheal )

The rest is choosing the optimal transport distance to compare histograms.

Now lets consider I : z € Q — I(z) € R? as a color image, then a feature image F'I(x) € R" is
introduced to rewrite the equation (1):

M S u(@)3p1) o) (6)
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where h(u) is the empirical discrete probability distribution of features F'I using the binary
map u, and F' is the feature-transform of n-dimensional descriptors. By introducing the feature

h(u) : y e R" —



image, denote Hx (u) as the quantized, non-normalized, and weighted feature histogram, with
the relaxed variable u : Q > [0, 1] and the feature set X = {X; e R"},_,/ , Hx(u) write as:

(Hx ()i = D u(@Woy (o) (FI(z)), Vie{1,...Mx) (7)

e
denoting that ¢ as a bin index of Mx bins, X; as the centroid of the corresponding bin, and
Cx (i) = R™ as the corresponding set of features. So the Hx can be rewrite as a linear operator:

Hy :ue RN — W¥xue RMX with¥x(i,7) := 1if FI(j) € Cx(i),0 otherwise (8)

Notice that ¥ x € RMx*N indicates which pixels of FI contribute to bin index i of the histogram
Hx. Therefore, (Hx(u),1x) = > ,cqu(x) = (u,1n), so that Hx(u) € Sysy 41y Now rewrite
equation (5) to find the minimum of segmentation energy using ¢; distance:

J(u) = pTV(u) + ;Ha@, vy = Haulli + ! 16N —u,1n) — Hp(In —u)|li  (9)

-

Considering the discrete probability segmentation map, the problem can be constrained as:

Minefo gy J (1) = mingegn {J(u) i= J(w) + i v ()} (10)

3 Monge-Kantorovitch distance

Let a, b be a pair of histograms such that a € Sy, and b € Sy, &, consider the Monge-
Kantorovitch optimal transport problem as the discrete formulation between a and b. Note
CapE€ RMaxMb a5 5 fixed assignment cost matrix between the corresponding histogram cen-
troids A = {Ai},,<p, and B = {Bj}, ;). defining the sets of admissible histogram and
transport matrices as:

S:={ac RMa b e RMv|g > 0,b > 0 and (a, 1) = (b, 1a,0} (11)
P(a,b) := {PER+M“XMb,P1Mb = aand PT1y, = b} (12)
Now the optimal transport plan is obtained to minimize the global transport cost, note as:
M, M,
V<CL, b) € S7 MK(G7 b) = minPEP(a,b) {<P7 C> = 2 Z PLJCZ:J} (13)
i=1j=1

For readability and the use of duality, it can be reformulated to:

Va,b ,MK(a,b) = minpep(an{P, C) + ts(a,b) (14)

4 Sinkhorn distance

The definition of Sinkhorn distance is daz,q(7, ¢) := minpey, (r,c)(P, M ). By consider an entropic
constraint in optimal transport, Sinkhorn distance provides computational method and restrict
the low cost joint probabilities. Consider the entropy-regularized optimal transport problem on
set S and rewrite the equation (14) as:

. 1
MK (0,0) = minpepa { .C) = $H(P) | + us(ab (15)
It can be read as:
, 1
MK\ (a) := min ,_gmanm, (p,c+ Xlog(p» +15(a) (16)
s.t.p}O,LTp:a
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As Cuturi(2013) writes the Lagrangian of such problem with g =

SN

] to the constraint
6)

16) can be write as:

—~

LTp = «, now the respective solution py and Py from equation (15) and
logpy = MLB —¢) —1 < (log Py)ij = Mu; +v; —Cjj) — 1 (17)

Sinkhorn proves the alternate normalization of rows and columns of any positive matrix M
converges to a unique bistochastic matrix P = diag(x)Mdiag(y). Therefore, the solution Py
can be found by a fixed-point iteration algorithm with setting My = e~ *¢

and y*tt = b (18)

P} = diag(z®)Mydiag(y™) where z*! T
My x

. a
N

where a and b are the matrix marginals as desired. Hence, the Sinkhorn distance or the deriva-
tives can be used to design algorithms to compute the regularized optimal transportation.

Considering the set S does not prescribe histogram sums as admissible histograms, the his-
tograms’ total mass can be bounded above by N (N = |Q2]) by alternative setting:

Sen i={ae R beR™|a>0,b>0,{a,1r,) = (b,1a,) < N} (19)

A normalized variant of the entropic regularization is proposed as the transport matrix Py is
not normalized:

h(p) = Nh(%) _ —NKL(%HI) — —(p,logp) + (p, 1) log N (20)

5 Co-segmentation

The framework in this work can also be extended to unsupervised co-segmentation in multiple
images. Now considering two images I' and I? with respectively domains €; and €. The
image segmentation problem is converted to jointly segment a common object among all the
images without priority. To solve this problem, the goal is to find the largest regions with

similar feature distributions. The model is as following denoting u = (u';u?):

2
J(u) := ||Hyu' — Hou?||; + ZpTV(uk)—éHukHl (21)
k=1

6 Proposition

Proposition 1 (Cuturi-Doucet). The convex conjugate of MKy («) reads

1 ) o)
MK3(8) = $(Qx(B), 1) with Qx(8) := X797 (22)
Corollary 1. The convex conjugate of the normalized Sinkhorn distance

1 log N
MK) <n(a) := mz’npeRMaMb {(p, c+ —logp— og}\ 1>} + ts<n (@) (23)

s.t.pBO,lTp:a )\

reads, using the matriz-valued function Qx(.) — eNL=9=1 defined in (19)

" _f AQaB),1) if(QA(B),1) < 1
MK <n(F) = { N log(OAE) 1) + X if{Qa(8). 15> 1 (24)
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